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Our Submission

Threshold Schnorr/ECDSA with

Deterministic +

Two rounds Low communication Fast Signin rit . .
gning ASECEke stateless sighing

96B for Schnorr ~1.10 ms per sighing
128B for ECDSA session

Setup supports bounded # of
sessions

Two party

2 seconds for dozen
millions signing sessions

Tradeoff: spend ~2 seconds in setup for bounded # of sighing sessions for optimum performance.
A good balance: In real-world applications, 2s of setup cost (without regenerating sk) for dozen
millions of sighing sessions is a fairly acceptable maintenance cost
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Schnorr Signing Recap

Setup:

$
o sk« Ty
e pk «sk-G

(G, q,G)
H:{0,1}* - F,

Sign(m): Verify(m,o = (R,s)):
e roF e e« H(pk,R,m)
q [ ] . - .
Rt .G Checke-pk+R=5-G

e e « H(pk,R,m)
e S—e-Ssk+r
e 0=(R,s)

Succinct Two-Round Two-Party Signing from PCFs




2-Party Schnorr Signing ldea

(/ sk = sky + sky N

e pk=pkotpk, T——
S PR = Pl Pl < (G, q,G)
#F 3? H:{0,1}* - F,

$ $
SkO(_IFZ Skl(_]F:{
pky < sky - G pk, < sk, -G
3 : Ri=nr-G reF,
T'O(_]Fq
RO <71 G
R« Ry + Ry
e « H(pk,R, m)
Sog < e-sky+ 1y (R, so)
" e « H(pk,R,m)

s < e-sky+n

outputo = (Ry + Ry, Sy + 51)
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2-Party Schnorr Signing ldea

(G, q,G)
H:{0,1}* > F,

R0<—T‘0°G
R(—R0+R1

e < H(pk,R, m)
Sop « e-sky+1y (R, so)

" e « H(pk,R,m)
s < e-Sky+n

outputo = (Ry + Ry, 59 + S1)
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VOLE-PCF: on-demand authenticated pseudorandomness

(/ A
lw: w’\
(u,v) € F;xF3 (A, w) € F),xFy

VOLE correlation
w=Au+v
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VOLE-PCF: on-demand authenticated pseudorandomness

(£ M)

l‘é“ ?z'ifl
(u,v) € FpxFy (4, w) € F,xIFp

KeyGen(A) - (k5F, kPCF)

(Uy, Vx) EF,: b=0

Eva/(kb,b,x) — w, € [Fp: b =1
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VOLE-PCF: on-demand authenticated pseudorandomness

(r \)
Keys are short ?“’» Q?
(u,v) € FpxFy (4, w) € F,xIFp

KeyGen(A) - (k5F, kPCF)
Locally generates
correlations

(ux:vx) € IFP +b=0
Eva/(kb,b,x) — w, € IFp: b =1
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VOLE-PCF: on-demand authenticated pseudorandomness

(£ M)
!‘6/: w,
(u,v) € FpxFy (4, w) € F,xIFp

KeyGen(A) - (k5F, kPCF)

(Uy,Vy) EF,: b= Correctness:
Eva/(kbrb;x) - " € ]Fp : b _ 1 W, = Aux + Uy
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VOLE-PCF: on-demand authenticated pseudorandomness

No info about A

KeyGen(A) - (k5F, kPCF)

(Uy, Vx) EF,: b=0

Eva/(kb,b,x) = w, € IFp: b =1
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VOLE-PCF: on-demand authenticated pseudorandomness

(uy, vy) by Eval )

= ~
" e

n —
(Uy, V) foru, « F3, v, = wy — A - u, (A, W) € F,xF}

KeyGen(A) - (k5F, kPCF)

(Uy, Vx) EF,: b=0

Eva/(kb,b,x) = w, € IFp: b =1
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2-Party Schnorr Signing

VOLE-PCF: authenticated nonce

PCF
(4 ko generator
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2-Party Schnorr Signing

sk = sky + sk,

o0 (k")  KeyGen(d) ——— & .

(g, Vo) <« Eval(kgCF, 0, m)
Rye<r1y-G
Vo <« vy-G
R« Ry+ Ry

e « H(pk,R, m)
So < e-sky+ 1

R1=T'1'G $

A

(R01 VOJ SO)

wo < Eval(kf?, 1,m)
checkVy+wy-G =A-R,
e « H(pk,R,m)

Sy < e-Sky+ny
outputo = (Ry + Ry, 59 + S¢)

Stoats: Short Two-round vOle-bAsed Threshold Signatures



2-Party Schnorr Signing

sk = sky + sk,

PCF N\
.o (kEF, kL) « KeyGen(L) *’ \._.\
Ri=nr-G $
4 - r < Fy,

(g, Vo) <« Eval(kgCF, 0, m)
Rye<r1y-G
Vo <« vy-G
R« Ry+ Ry

e « H(pk,R, m)
So < e-sky+ 1

By correctness

(R01 VOJ SO)

wo < Eval(k71, m)
checkVy +wy -G =A-Ry,
e « H(pk,R,m)

Sy < e-Sky+ny
outputo = (Ry + Ry, 59 + S¢)
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2-Party Schnorr Signing

sk = sky + sk,
a kP CF

o0 — (kT ) < KeyGen(A) ——— 1 .

R1=T'1'G $

A

(g, Vo) <« Eval(kgCF, 0, m)
Ry«<r1y-G
Vo <« vy-G
R<Ry+Ry

e <« H(pk; R; m) (Ro, VOJ SO)
Sop «— e Sky+ 1

By correctness

wo < Eval(k71, m)
checkVy +wy -G =A-R,

Maliciously-chosen (,, v,) will resulton

leakage of A e « H(pk,R,m)

Sy < e-Sky+ny
outputo = (Ry + Ry, 59 + S¢)
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2-Party Schnorr Signing

sk = sky + sk,
a kP CF

.o (k6" k7F) « KeyGen(d) —_ -

R1=T'1'G $

A

By correctness

(R01 VOJ SO)

wo < Eval(k71, m)

Maliciously-chosen (1, v,) will result on SlSed fy oty o (0 = 2Vt

leakage of A e « H(pk,R,m)

Sy < e-Sky+ny
outputo = (Ry + Ry, 59 + S¢)
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2-Party Schnorr Signing

sk = sky + sk,

.
- 0 (KEF, k£ CF) « KeyGen(A) i )

R1=T'1-G $

A

(g, Vo) <« Eval(kgCF, 0, m)
Rye<r1y-G
Vo < vy-G
R« Ry+ Ry

kA (o 0109)

So < e-sky+ 1

wo < Eval(kFCF,1,m)
e « H(pk,R,m)

Sy < e-Sky+ny
outputo = (Ry + Ry, sy + 51)
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2-Party Schnorr Signing

sk = sky + sk,

I e (k" k") « KeyGen(a) —_—

: Ri=mr-G 0 hd F,
(g, Vo) <« Eval(kgCF, 0, m)
Ry«<r1y-G
Vo <« vy-G
R < Ry + R,
e « H(pk,R, m) (RO,SO %) H(Vo))

v

So « e-sky+1, wo < Eval(kFCF,1,m)

VO=A'RO_W0'G

Reduce comm. with a e « H(pk,R,m)

(13 H H L}
hashing trick s, «e-sk,+1

outputo = (Ry + Ry, 59 + S¢)

Stoats: Short Two-round vOle-bAsed Threshold Signatures



Building PCF

Purpose: generate shares of (4 - a long pseudorandom vector )
Approach: sparse-LPN based PCF of [BCMRS’25]

Idea: use a short, uniform seed to generate a long, uniform vector

s : short, uniform seed
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Building PCF

Purpose: generate shares of (4 - a long pseudorandom vector )
Approach: sparse-LPN based PCF of [BCMRS’25]

Idea: use a short, uniform seed to generate a long, uniform vector

A : generating matrix of a random linear code
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Building PCF

Purpose: generate shares of (4 - a long pseudorandom vector )
Approach: sparse-LPN based PCF of [BCMRS’25]

Idea: use a short, uniform seed to generate a long, uniform vector

€ : sparse error vector
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Building PCF

Purpose: generate shares of (4 - a long pseudorandom vector )
Approach: sparse-LPN based PCF of [BCMRS’25]

Idea: use a short, uniform seed to generate a long, uniform vector
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Building PCF

Purpose: generate shares of (4 - a long pseudorandom vector )
Approach: sparse-LPN based PCF of [BCMRS’25]

Idea: use a short, uniform seed to generate a long, uniform vector
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Building PCF

Purpose: generate shares of (4 - a long pseudorandom vector )
Approach: sparse-LPN based PCF of [BCMRS’25]

Idea: use a short, uniform seed to generate a long, uniform vector
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Building PCF

- y,
* Recursive structure:
Each expansion can be up to a limited amount due to existing attacks
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Building PCF

.
* Recursive structure:
Each expansion ca

* Building VOLE-PCF: sharesof A- sand 4 - e; =sharesof 4-u
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Building PCF

- y,
* Recursive structure:
Each expansion can be up to a limited amount due to existing attacks

* Building VOLE-PCF:
Storing 4 - s in the keys and compressing shares of 4 - e; using a DPF
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Building PCF

- y,
* Recursive structure:
Each expansion can be up to a limited amount due to existing attacks

* Building VOLE-PCF:
Storing 4 - s in the keys and compressing shares of 4 - e; using a DPF

« Sampling correlations on-the-fly:
Adaptively using random oracle in a tree-based fashion to generate rows of the
products of these sparse matrices
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TL;DL

* Two party threshold Schnorr/ECDSA signature:
* Low communication: 96B for Schnorr, 128B for ECDSA
* Fastsigning: ~1.10ms on one core of a laptop
* Realizing UC signing functionalities
» Stateless + deterministic: resilient against realistic real-world threats
e ~2ssetup cost for ~12 million signing sessions on one core of a laptop

* All approaches apply to ECDSA with some adaptation:
* Thereis an additional multiplicative component
* Following a careful representation of the ECDSA signing, we can use VOLE-PCF approachin a similar
manner

e Statelessness: using sparse-LPN, generation of matrices on-the-fly requires generating each row, requiring the
maintenance of a counter.
 Black-box reduction: starts from a stateful PCF, evaluates it many times, produces one output of a
stateless PCF.
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Thank You!

Questions?
team-stoats@listes.irif.fr

Succinct Two-Round Two-Party Signing from PCFs
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   R 0 ←  r 0 ⋅ G


  R ←  R 0 +  R 1


  s k = s  k 0 + s  k 1


  r  ← $  𝔽 q


  p k = p  k 0 + p  k 1


   R 1 =  r 1 ⋅ G


  s  k 1  ← $  𝔽 q ∗


  p  k 1 ← s  k 1 ⋅ G


  e ← H  (  p k , R , m )


   s 0 ← e ⋅ s  k 0 +  r 0


   ⟨  𝔾 , q , G ⟩


  H : { 0 , 1  } ∗ →  𝔽 q


   (  R ,  s 0 )


  e ← H  (  p k , R , m )


  R   ←   r   ⋅ G


   s 1 ← e ⋅ s  k 1 +  r 1


   r 1  ← $  𝔽 q


  𝜎 =  (   R 0 +  R 1 ,  s 0 +  s 1 )


   (  𝐮 , 𝐯 ) ∈  𝔽 p n ×  𝔽 p n


   (  Δ , 𝐰 ) ∈  𝔽 p ×  𝔽 p n


  𝐰 = Δ 𝐮 + 𝐯


  𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ ) →  (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 )


  𝘌 𝘷 𝘢 𝘭  (   k b , b , x ) →    {      (  u x ,  v x )   ∈  𝔽 p   :   b = 0     w x   ∈  𝔽 p   :   b   =   1


  𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ ) →  (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 )


  𝘌 𝘷 𝘢 𝘭  (   k b , b , x ) →    {      (  u x ,  v x )   ∈  𝔽 p   :   b = 0     w x   ∈  𝔽 p   :   b   =   1


  e ← H  (  p k , R , m )


  𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ ) →  (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 )


  𝘌 𝘷 𝘢 𝘭  (   k b , b , x ) →    {      (  u x ,  v x )   ∈  𝔽 p   :   b = 0     w x   ∈  𝔽 p   :   b   =   1


   w x = Δ  u x +  v x


  𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ ) →  (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 )


  𝘌 𝘷 𝘢 𝘭  (   k b , b , x ) →    {      (  u x ,  v x )   ∈  𝔽 p   :   b = 0     w x   ∈  𝔽 p   :   b   =   1


  Δ


  𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ ) →  (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 )


  𝘌 𝘷 𝘢 𝘭  (   k b , b , x ) →    {      (  u x ,  v x )   ∈  𝔽 p   :   b = 0     w x   ∈  𝔽 p   :   b   =   1


   (   u x ,  v x )


  𝘌 𝘷 𝘢 𝘭


  s ← e ⋅ s k + r


  ≈


   (   u x ,  v x )


   u x  ← $  𝔽 p n


   v x =  w x − Δ ⋅  u x


   (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 ) ← 𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ )


   k 0  𝘗 𝘊 𝘍


   k 1  𝘗 𝘊 𝘍


  s k = s  k 0 + s  k 1


   R 1 =  r 1 ⋅ G


  e ← H  (  p k , R , m )


  𝜎 =  (  R ,   s )


   s 0 ← e ⋅ s  k 0 +  r 0


   R 0 ←  r 0 ⋅ G


   (   r 0 ,  v 0 ) ← 𝘌 𝘷 𝘢 𝘭  (   k 0  𝘗 𝘊 𝘍 , 0 , m )


   V 0 ←  v 0 ⋅ G


   (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 ) ← 𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ )


   r 1  ← $  𝔽 q


   (   R 0 ,  V 0 ,  s 0 )


  e ← H  (  p k , R , m )


  𝜎 =  (   R 0 +  R 1 ,  s 0 +  s 1 )


   k 0  𝘗 𝘊 𝘍


  𝘚 𝘪 𝘨 𝘯  ( m ) :


   k 1  𝘗 𝘊 𝘍


   w 0 ← 𝘌 𝘷 𝘢 𝘭  (   k 1  𝘌 𝘷 𝘢 𝘭 , 1 , m )


   V 0 +  w 0 ⋅ G = Δ ⋅  R 0


   s 1 ← e ⋅ s  k 1 +  r 1


  s k = s  k 0 + s  k 1


  R ←  R 0 +  R 1


   R 1 =  r 1 ⋅ G


   (   r 0 ,  v 0 ) ← 𝘌 𝘷 𝘢 𝘭  (   k 0  𝘗 𝘊 𝘍 , 0 , m )


   (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 ) ← 𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ )


   r 1  ← $  𝔽 q


  s k  ← $  𝔽 q ∗


  e ← H  (  p k , R , m )


   (   R 0 ,  V 0 ,  s 0 )


  e ← H  (  p k , R , m )


  𝜎 =  (   R 0 +  R 1 ,  s 0 +  s 1 )


   k 0  𝘗 𝘊 𝘍


   k 1  𝘗 𝘊 𝘍


   w 0 ← 𝘌 𝘷 𝘢 𝘭  (   k 1  𝘌 𝘷 𝘢 𝘭 , 1 , m )


   V 0 +  w 0 ⋅ G = Δ ⋅  R 0


   s 1 ← e ⋅ s  k 1 +  r 1


  s k = s  k 0 + s  k 1


  e ← H  (  p k , R , m )


  e ⋅ p k + R = s ⋅ G


   s 0 ← e ⋅ s  k 0 +  r 0


   R 0 ←  r 0 ⋅ G


   V 0 ←  v 0 ⋅ G


  R ←  R 0 +  R 1


   R 1 =  r 1 ⋅ G


   (   r 0 ,  v 0 ) ← 𝘌 𝘷 𝘢 𝘭  (   k 0  𝘗 𝘊 𝘍 , 0 , m )


   (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 ) ← 𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ )


   r 1  ← $  𝔽 q


   (   R 0 ,  V 0 ,  s 0 )


  e ← H  (  p k , R , m )


  𝘝 𝘦 𝘳 𝘪 𝘧 𝘺  (  m , 𝜎 =  (  R , s ) ) :


  𝜎 =  (   R 0 +  R 1 ,  s 0 +  s 1 )


   k 0  𝘗 𝘊 𝘍


   k 1  𝘗 𝘊 𝘍


   w 0 ← 𝘌 𝘷 𝘢 𝘭  (   k 1  𝘌 𝘷 𝘢 𝘭 , 1 , m )


   V 0 +  w 0 ⋅ G = Δ ⋅  R 0


   s 1 ← e ⋅ s  k 1 +  r 1


  s k = s  k 0 + s  k 1


   (   r 0 ,  v 0 )


  Δ


  e ← H  (  p k , R , m )


   ⟨  𝔾 , q , G ⟩


   s 0 ← e ⋅ s  k 0 +  r 0


   R 0 ←  r 0 ⋅ G


   V 0 ←  v 0 ⋅ G


  R ←  R 0 +  R 1


   R 1 =  r 1 ⋅ G


  e ← H  (  p k , R , m )


   s 0 ← e ⋅ s  k 0 +  r 0


   R 0 ←  r 0 ⋅ G


   (   r 0 ,  v 0 ) ← 𝘌 𝘷 𝘢 𝘭  (   k 0  𝘗 𝘊 𝘍 , 0 , m )


   V 0 ←  v 0 ⋅ G


  H : { 0 , 1  } ∗ →  𝔽 q


   (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 ) ← 𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ )


   r 1  ← $  𝔽 q


   (   R 0 ,  V 0 ,  s 0 )


  e ← H  (  p k , R , m )


  𝜎 =  (   R 0 +  R 1 ,  s 0 +  s 1 )


   k 0  𝘗 𝘊 𝘍


   k 1  𝘗 𝘊 𝘍


   w 0 ← 𝘌 𝘷 𝘢 𝘭  (   k 1  𝘌 𝘷 𝘢 𝘭 , 1 , m )


   V 0 +  w 0 ⋅ G = Δ ⋅  R 0


   s 1 ← e ⋅ s  k 1 +  r 1


  s k = s  k 0 + s  k 1


  s k = s  k 0 + s  k 1


   (   r 0 ,  v 0 )


  Δ


   𝒓 𝟎 ≈ 𝒙  ← $  𝔽 𝒑 𝒏


   (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 ) ← 𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ )


   r 1  ← $  𝔽 q


   R 1 =  r 1 ⋅ G


   (   R 0 ,  V 0 ,  s 0 )


   k 0  𝘗 𝘊 𝘍


   k 1  𝘗 𝘊 𝘍


  p k = p  k 0 + p  k 1


   (   r 0 ,  v 0 ) ← 𝘌 𝘷 𝘢 𝘭  (   k 0  𝘗 𝘊 𝘍 , 0 , m )


   w 0 ← 𝘌 𝘷 𝘢 𝘭  (   k 1  PCF , 1 , m )


   (   R 0 ,  s 0 ⊕ H  (   V 0 ) )


  e ← H  (  p k , R , m )


  𝜎 =  (   R 0 +  R 1 ,  s 0 +  s 1 )


   s 1 ← e ⋅ s  k 1 +  r 1


  s k = s  k 0 + s  k 1


   V 0 = Δ ⋅  R 0 −  w 0 ⋅ G


  e ← H  (  p k , R , m )


   s 0 ← e ⋅ s  k 0 +  r 0


   ⟨  𝔾 , q , G ⟩


   R 0 ←  r 0 ⋅ G


   V 0 ←  v 0 ⋅ G


  R ←  R 0 +  R 1


   (   k 0  𝘗 𝘊 𝘍 ,  k 1  𝘗 𝘊 𝘍 ) ← 𝘒 𝘦 𝘺 𝘎 𝘦 𝘯  ( Δ )


   r 1  ← $  𝔽 q


   R 1 =  r 1 ⋅ G


   (   R 0 ,  V 0 ,  s 0 )


   k 0  𝘗 𝘊 𝘍


   k 1  𝘗 𝘊 𝘍


   (   r 0 ,  v 0 ) ← 𝘌 𝘷 𝘢 𝘭  (   k 0  𝘗 𝘊 𝘍 , 0 , m )


  H : { 0 , 1  } ∗ →  𝔽 q


   w 0 ← 𝘌 𝘷 𝘢 𝘭  (   k 1  PCF , 1 , m )


   (   R 0 ,  s 0 ⊕ H  (   V 0 ) )


  e ← H  (  p k , R , m )


  𝜎 =  (   R 0 +  R 1 ,  s 0 +  s 1 )


   s 1 ← e ⋅ s  k 1 +  r 1


   r 0  ← $  𝔽 q


  p  k 0 ← s  k 0 ⋅ G


  s k = s  k 0 + s  k 1


   V 0 = Δ ⋅  R 0 −  w 0 ⋅ G


  e ← H  (  p k , R , m )


   s 0 ← e ⋅ s  k 0 +  r 0


   R 0 ←  r 0 ⋅ G


  s  k 0  ← $  𝔽 q ∗


   V 0 ←  v 0 ⋅ G


  R ←  R 0 +  R 1


  s


  ⟨ 𝜟   ⋅


  ⟩


  s


  ⟨ 𝜟   ⋅


  ⟩


   A 1


  ⋅


  p k ← s k ⋅ G


  p  k 0 ← s  k 0 ⋅ G


  s


  ⟨ 𝜟   ⋅


  ⟩


   A 1


  ⋅


   e 1


  +


  s


  ⟨ 𝜟   ⋅


  ⟩


  s  k 1  ← $  𝔽 q ∗


   A 1


  ⋅


   e 1


  +


   A 2


   e 2


  ⋅


  +


  s


  ⟨ 𝜟   ⋅


  p  k 1 ← s  k 1 ⋅ G


  ⟩


   A 1


  ⋅


   e 1


  +


   A 2


   e 2


  ⋅


  +


   A 3


   r 1  ← $  𝔽 q


   e 3


  ⋅


  +


  s


  ⟨ 𝜟   ⋅


  ⟩


   A 1


  ⋅


   e 1


  +


   R 1 =  r 1 ⋅ G


   A 2


   e 2


  ⋅


  +


   A 3


   e 3


  ⋅


  +


   ≈ c


  u


   r 0  ← $  𝔽 q


  𝜟 ⋅ 𝒔


  𝜟 ⋅  𝒆 𝒊


  ≡


  𝜟 ⋅ 𝒖


  𝜟 ⋅ 𝒔


  𝜟 ⋅  𝒆 𝒊  


  𝜟 ⋅ 𝒔


  𝜟 ⋅  𝒆 𝒊  


  96 B


  128 B


   R 0 ←  r 0 ⋅ G


  ~ 1 . 10 m s  


  ~ 2 s


    ~ 12


  R ←  R 0 +  R 1


  e ← H  (  p k , R , m )


   s 0 ← e ⋅ s  k 0 +  r 0


  𝘚 𝘦 𝘵 𝘶 𝘱 :


   (  R ,  s 0 )


  e ← H  (  p k , R , m )


   s 1 ← e ⋅ s  k 1 +  r 1


  𝜎 =  (   R 0 +  R 1 ,  s 0 +  s 1 )


  s  k 0  ← $  𝔽 q ∗

